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Abstract
Quantum communication is an integral part of quantum computing, where teleportation
of a quantum state has gained significant attention from researchers. Many teleportation
schemes have been introduced in the recent past. In this study, the authors compare the
teleportation of a single‐qubit message among different entangled channels such as the
two‐qubit Bell channel, three‐qubit GHZ channel, two/three‐qubit cluster states, a highly
entangled five‐qubit state (Brown et al.) and the six‐qubit state (Borras et al.). The authors
calculate and compare the quantum costs for these channels. The authors also study the
effects of six noise models: bit‐flip noise, phase‐flip noise, bit‐phase‐flip noise, amplitude
damping, phase damping and depolarising error. These noise models may affect the
communication channel used for teleportation. An investigation of the variation of the
initial state's fidelity is performed for the teleported state in the presence of the noise
model. It is observed that the fidelity decreases in all the entangled channels as the noise
parameter η increases in the range [0, 0.5] for all the noise models. The fidelity shows an
upward trend in the Bell, GHZ and three‐qubit cluster state channels, as η varies in the
range [0.5, 1.0] for all the noise models. However, in the rest of the three channels, the
fidelity substantially decreases in the case of amplitude damping, phase damping and
depolarising noise, and even it reaches zero for η = 1 in Brown et al. and Borras et al.
channels.

1 | INTRODUCTION

Quantum communication deals with the transmission of the
quantum states between distance sites. It plays a prominent
role in quantum information processing [1, 2]. Quantum
communication is improving day by day with the improvement
in current technological advancement. Quantum networking
has a broad spectrum of applications, quantum devices such as
quantum routers [3–6], quantum repeaters [7–11], quantum
satellite have been developed recently by China [12–14], which
claims itself to be secure. Security is an essential aspect of
today's communication. When we have cloud data storage,
there is always a threat of breaking into the data in the present
era. Many quantum communication protocols have been
developed such as quantum cryptography [15–17], quantum
information sharing [18–21], quantum superdense coding
[22, 23], quantum remote state preparation [24, 25], quantum

hierarchical remote state preparation [26, 27], and quantum
teleportation [28–31] to name a few.

Quantum teleportation transmits quantum information
from one place to another via a shared entangled channel,
which can be obtained by measurement in classical physics.
Entanglement plays a key role in quantum teleportation
because of its non‐local properties. When an entangled quan-
tum state is shared between two or more parties, they can
teleport a message using the entangled channel. They must
apply certain unitary operations on appropriate qubits to
teleport the message to a particular qubit. The first time
quantum teleportation was proposed by Bennett et al. [28] in
1993 via Einstein–Podolsky–Rosen (EPR). After that, many
different protocols are put forward with the extension of
qubits [32] and dense coding [33]. Quantum teleportation is
implemented experimentally in some of the research studies
presented [29–31, 34] in various quantum systems. Apart from
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that, many theoretical and experimental quantum teleportation
schemes have been proposed by researchers so far [35–41]. In
Ref. [42], two different schemes were proposed for teleporting
a single‐qubit state by using the W state. In Ref. [43] a
generalised teleportation scheme of an entangled state was
proposed using a Greenberger–Horne–Zeilinger (GHZ)‐class
state. Several new schemes are proposed for teleportation us-
ing the W state and the GHZ state or the GHZ‐like state [44].
The cluster states channel is used in Ref. [45] to teleport
arbitrary two states using a four‐qubit cluster state. The tele-
portation of a three‐qubit state using the five‐qubit cluster state
is also performed in Ref. [46]. Then quantum teleportation of
an arbitrary two‐qubit state has been performed using a four‐
qubit cluster state [47]. Quantum controlled teleportation of
random qubit states has also been demonstrated via cluster
states [48]. Then, some new schemes of quantum teleportation
were proposed using entanglement in coined quantum walk
[49–51], which has attracted the tremendous attention of the
scientific community. In Ref. [52], the fidelity of quantum
teleportation under noisy channels are studied. An experi-
mental study of the teleportation under the effect of noise can
be found in Ref. [53]. Also, quantum teleportation in higher
dimensions under the effect of noise is studied in Ref. [54].
They demonstrated that all conceivable circumstances can be
divided into four different behaviours and discussed cases
where increasing the corresponding noise percentages could
increase fidelity.

In this study, we have performed a complexity analysis of
the teleportation of a single‐qubit message using different
entangled channels such as the Bell channel, three‐qubit GHZ
channel, two‐qubit cluster state, three‐qubit cluster state, highly
entangled five‐qubit Brown et al. state and the six‐qubit Borras
et al. state. Here, we apply quantum gates on the circuit to
perform the teleportation. As the number of quantum gates
increases in a protocol, it increases the complexity of tele-
portation. Therefore, we have calculated the quantum cost for
all the above teleportation protocols and a graphical histogram
representation is made in Figure 9 to compare the quantum
cost of different teleportation protocols. Any actual quantum
experiment cannot be performed without noise in the channel.
Noise is an inevitable feature of quantum communication that
affects teleportation. The noise in the quantum system changes
its state from a pure state to a mixed state; therefore, some
quantum information is lost during teleportation. Hence, we
have introduced some noisy environments into each entangled
channel used for teleportation. We have taken the six types of
noise that may affect the teleportation process: bit‐flip noise,
phase‐flip noise, bit‐phase‐flip noise, amplitude damping,
phase damping and depolarising noise. We have analytically
derived the density matrices for all the entangled channels
under every noise model. As fidelity gives the closeness be-
tween the two quantum states, we have calculated the fidelity
between the initial and teleported states under noise. Then, a
visual representation is made by plotting a graph between the
noise parameter and the fidelity.

The rest of the paper is organised as follows: Section 2
contains some basic definitions and the teleportation

processes. In Section 3, the analysis of noise in the entangled
channel used for teleportation is presented. Finally, we
conclude in Section 4 with some discussion about findings
followed by the future directions.

2 | PRELIMINARIES

2.1 | Quantum cost

Quantum cost is the number of primitive reversible gates used
in designing a circuit. The quantum cost of all basic single‐
qubit gates and control not is taken as unity [55]. One [55]
of the essential properties of each reversible gate is that it can
be generated from a combination of basic quantum gates.
Therefore, the quantum cost of each reversible gate can be
calculated by counting the number of related basic gates. The
Hadamard and control‐not (CNOT) gates have a quantum cost
equal to one. The other gates used in this paper are the
control‐Z gate and SWAP gates. These gates can be imple-
mented with the help of Hadamard and CNOT gates as shown
in Figures 1 and 2, respectively. The more the quantum cost,
the more complexity will be in executing the circuit on the
actual quantum hardware. So in the next section, we have
evaluated the quantum cost of each teleportation protocol via
different entangled channels.

2.2 | Teleportation schemes

2.2.1 | Teleportation using Bell channel

An arbitrary single‐qubit quantum message can be written as
jM〉¼ αj0〉 þ βj1〉, where α; β ∈ C and |α|2 + |β|2 = 1. A
more convenient representation of the single‐qubit state is
given by the following expression jM〉¼ cosðθ=2Þj0〉þ
eiϕsinðθ=2Þj1〉, where θ ∈ [0, π] and ϕ ∈ [0, 2π]. The tele-
portation of this single‐qubit message is carried out using the
two‐qubit Bell channel given by

�
�ψ�〉¼ 1ffiffi

2
p ðj00〉� j11〉Þ,�

�ϕ�〉¼ 1ffiffi
2
p ðj01〉� j10〉Þ. The entangled Bell channel is shared

between two parties, say Alice and Bob. Alice has the first qubit
and Bob has the second qubit that form the entangled Bell
channel. Now, choose one of the Bell channels for teleporta-
tion process, say jψþ〉; the combined state after taking the

F I GURE 2 Control‐Z gate decomposition

F I GURE 1 SWAP gate decomposition
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tensor product of jM〉 and jψþ〉 is given in Equation (1). Now,
Alice applies the Bell basis measurement on the first and
second qubit, that is CX(1, 2) (Qubit 1 is control qubit and
qubit 2 is target qubit) and H(1) (Hadamard gate on qubit 1),
and the final state

�
�ξf 〉 is shown in Equation (2),

jξ〉¼ jM〉1 ⊗ jψþ〉23

¼ ðαj0〉þ βj1〉Þ1 ⊗
�

1
ffiffiffi
2
p ðj00〉þ j11〉Þ23

�
ð1Þ

�
�ξf 〉¼

j00〉12
2
ðαj0〉þ βj1〉Þ3 þ

j01〉12
2
ðαj1〉þ βj0〉Þ3

þ
j10〉12
2
ðαj0〉 − βj1〉Þ3 þ

j11〉12
2
ðαj1〉 − βj0〉Þ3

ð2Þ

The teleportation of the single‐qubit message jM〉 at this
stage has been achieved successfully to Bob's qubit. However,
now Bob needs to apply appropriate unitary operations on his
qubit to recover the teleported message. The teleportation
protocol is prepared via the quantum circuit given in Figure 3.
The controlled operations are represented in the circuit 3 after
the red dash line. Here in the quantum circuit, ja〉; jb〉 ∈
fj0〉; j1〉g. Choosing different values of ja〉 and jb〉 we get
different Bell channels as shown in Table 1.

Alice uses a classical channel to convey her measurement
result to Bob after she has conducted the Bell basis measure-
ment on the first two qubits. To recover the message and
complete the teleportation process, Bob uses the proper

unitary operation on his qubit shown in Table 2. The
controlled operations in the case of the Bell channel�
�ψþ〉¼ 1ffiffi

2
p ðj00〉þ j11〉Þ are given in the quantum circuit

(Figure 3) after the red dashed line.

2.2.2 | Teleportation using GHZ channel

Consider the three‐qubit GHZ channel as the underlying
entangled channel for teleportation. The quantum state of the
three‐qubit GHZ channel is defined as

�
�ψ i〉¼ 1ffiffi

2
p ðjx1x2x3〉�

jx1x2x3〉Þ123, where x1, x2, x3 ∈ {0, 1} and x1; x2; x3 are their
respective conjugates. Here, the first qubit belongs to Alice,
second qubit belongs to a controller Charlie and third qubit
belongs to Bob. To teleport the message jM〉¼ αj0〉þ βj1〉
through one of the GHZ channels, say

�
�ψ1〉¼ 1ffiffi

2
p ðj000〉þ

j111〉Þ123, the tensor product of jM〉 and
�
�ψ1〉 is taken. Then

Alice applies the Bell basis measurement on the first and
second qubit, that is, CX(1, 2) and H(1), Charlie applies
Hadamard gate on the third qubit H(3), and the final state is
shown by Equation (3).

F I GURE 3 Quantum circuit for teleporting the message jM〉 through
the Bell channels; controlled operations are represented for

�
�ψ1〉 (given in

Table 1) after the red dashed line

TABLE 1 All possible Bell channels, choosing different values of ja〉
and jb〉

ja〉 jb〉 Bell states Quantum cost

j0〉 j0〉 jψþ〉¼ 1ffiffi
2
p ðj00〉 þ j11〉Þ 9

j0〉 j1〉 jϕþ〉¼ 1ffiffi
2
p ðj01〉 þ j10〉Þ 11

j1〉 j0〉 jψ−〉¼ 1ffiffi
2
p ðj00〉 − j11〉Þ 11

j1〉 j1〉 jϕ−〉¼ 1ffiffi
2
p ðj01〉 − j10〉Þ 13

Note: The last column contains the quantum cost for teleporting single‐qubit message
via different Bell channels.

TABLE 2 Controlled operations that Bob needs to apply to recover
the teleported message jM〉¼ αj0〉þ βj1〉 via all four Bell channels

Control operations for different Bell
channels

Alice's measurement jψþ〉 jψ−〉 jϕþ〉 jϕ−〉

j00〉 I Z X ZX

j01〉 X ZX I Z

j10〉 Z I ZX X

j11〉 ZX X Z I

TABLE 3 Three‐qubit GHZ states after choosing different
combinations of ja〉, jb〉 and jc〉

ja〉 jb〉 jc〉 GHZ state Quantum cost

j0〉 j0〉 j0〉
�
�ψ1〉¼ 1ffiffi

2
p ðj000〉 þ j111〉Þ 12

j0〉 j0〉 j1〉
�
�ψ2〉¼ 1ffiffi

2
p ðj001〉 þ j110〉Þ 13

j0〉 j1〉 j0〉
�
�ψ3〉¼ 1ffiffi

2
p ðj010〉 þ j101〉Þ 13

j0〉 j1〉 j1〉
�
�ψ4〉¼ 1ffiffi

2
p ðj000〉 − j111〉Þ 14

j1〉 j0〉 j0〉
�
�ψ5〉¼ 1ffiffi

2
p ðj011〉 þ j100〉Þ 15

j1〉 j0〉 j1〉
�
�ψ6〉¼ 1ffiffi

2
p ðj001〉 − j110〉Þ 18

j1〉 j1〉 j0〉
�
�ψ7〉¼ 1ffiffi

2
p ðj010〉 − j101〉Þ 15

j1〉 j1〉 j1〉
�
�ψ8〉¼ 1ffiffi

2
p ðj011〉 − j100〉Þ 20

Note: The last column contains the quantum cost for teleporting a single‐qubit message
via the GHZ states.
Abbreviation: GHZ, Greenberger–Horne–Zeilinger.

SINGH ET AL. - 3
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jξ〉¼ jM〉1 ⊗
�
�ψ1〉234

¼
j00〉12
2
�
j0〉3ðαj0〉þ βj1〉Þ4 þ j1〉3ðαj0〉 − βj1〉Þ4

�

þ
j01〉12
4
�
j0〉3ðαj1〉þ βj0〉Þ4 þ j1〉3ð−αj1〉þ βj0〉Þ4

�

þ
j10〉12
4
�
j0〉3ðαj0〉 − βj1〉Þ4 þ j1〉3ðαj0〉þ βj1〉Þ4

�

þ
j11〉12
4
�
j0〉3ðαj1〉 − βj0〉Þ4 þ j1〉3ð−αj1〉 − βj0〉Þ4

�

ð3Þ

Here, the single‐qubit message jM〉¼ αj0〉þ βj1〉 has
been teleported to Bob's qubit successfully. Before making a
measurement, Bob needs to apply proper unitary operations
on his qubit to recover the message. The unitary operations are
shown in Table 4. The teleportation protocol via GHZ channel
is demonstrated via the following quantum circuit (Figure 4),
where ja〉; jb〉; jc〉 ∈ fj0〉; j1〉g, choosing different combina-
tions of values of ja〉; jb〉 and jc〉; all of the eight three‐qubit
GHZ states are shown in Table 3. To recover the teleported
messages, Bob needs to apply certain controlled unitary op-
erations to his qubit. For all of the eight entangled GHZ
channels, the controlled operations are given in Table 4.

2.2.3 | Teleportation using two‐qubit cluster state
channel

The two‐qubit cluster state is an entangled channel shared by
the parties Alice and Bob to perform the teleportation. It is
given by

�
�ψ i〉¼ ðja〉jb〉ÞCZð1;2Þ, where ja〉; jb〉 ∈ fjþ〉; j−〉g.

The two‐qubit cluster state channel is prepared inside the
dashed box in the circuit given in Figure 5. Taking ja〉¼ jþ〉
and jb〉¼ jþ〉, the two‐qubit cluster state is given by,�
�ψ1〉¼ ðjþ〉jþ〉ÞCZð1;2Þ ¼ 1

2 ðj00〉þj01〉þj10〉 − j11〉Þ. Now,
let us perform the teleportation protocol for the single‐qubit
message jM〉¼ αj0〉þ βj1〉 via the two‐qubit cluster state,
the combined state after taking the tensor product of jM〉 and�
�ψ1〉. Now, Alice applies the Bell basis measurement on her
first and second qubit, that is CX(1, 2), H(1) and other oper-
ation H(3) on the third qubit, given in circuit (Figure 5), and
the final state is shown by Equation (4),

jξ〉¼ jM〉1 ⊗
�
�ψ1〉23

¼
j00〉12
2
ðαj0〉þ βj1〉Þ3 þ

j01〉12
2
ðαj1〉þ βj0〉Þ3

þ
j10〉12
2
ðαj0〉 − βj1〉Þ3 þ

j11〉12
2
ðαj1〉 − βj0〉Þ3

ð4Þ

At this stage of the protocol, teleportation of the message
jM〉 to Bob's qubit has been done successfully. Now, Bob has to
apply appropriate unitary operations on his qubit to recover the
message. The controlled operations that Bob needs to apply on
his qubit in the case of

�
�ψ1〉¼ 1

2 ðj00〉þ j01〉þ j10〉 − j11〉Þ are
shown by the quantum circuit (Figure 5) after the red colour
dashed line. Choosing all combinations of ja〉 and jb〉, we get
four types of two‐qubit cluster state channels, shown in Table 5.
Also, the teleportation is performed for each of the two‐qubit
cluster state channels, and the quantum cost is calculated,
which is represented in the last column of Table 5. The
controlled operations that Bob needs to apply on his qubit to
recover the teleported message in all cases are shown in Table 6.

TABLE 4 Controlled operations that Bob needs to apply to recover the teleported message jM〉¼ αj0〉þ βj1〉 via all the eight possible GHZ channels

Alice's measurement Charlie's measurement Bob's operation (Qubit{4})

(Qubit{1,2}) Qubit{3}
�
�ψ1〉

�
�ψ2〉

�
�ψ3〉

�
�ψ4〉

�
�ψ5〉

�
�ψ6〉

�
�ψ7〉

�
�ψ8〉

j00〉 j0〉 I Z X ZX I Z X ZX

j1〉 Z I ZX X Z I ZX X

j01〉 j0〉 X ZX I Z X ZX I Z

j1〉 ZX X Z I ZX X Z I

j10〉 j0〉 Z I ZX X Z I ZX ZX

j1〉 I Z X ZX I Z X X

j11〉 j0〉 ZX X Z Z ZX X Z I

j1〉 X ZX I I X ZX I Z

Abbreviation: GHZ, Greenberger–Horne–Zeilinger.

F I GURE 4 Teleportation protocol of a single‐qubit message
jM〉¼ αj0〉þ βj1〉 using entangled GHZ channel; controlled operations are
represented for

�
�ψ1〉 (given in Table 3) after the red dashed line, which will

vary for different GHZ channels. GHZ, Greenberger–Horne–Zeilinger
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2.2.4 | Teleportation using three‐qubit cluster
state channel

The three‐qubit cluster state is shared by three parties: Alice,
Charlie and Bob. Here, Charlie acts as an extra controller in the
teleportation. The three‐qubit cluster state channel is given by
the expression jψ〉¼ ðja〉jb〉jc〉ÞCZð1;2ÞCZð2;3Þ, where ja〉; jb〉;
jc〉 ∈ fjþ〉; j−〉g. Taking ja〉¼ jþ〉, jb〉¼ jþ〉 and jc〉 ¼ jþ〉,
one of the eight three‐qubit cluster states is given in
Equation (5),

�
�ψ1〉¼ ðjþ〉jþ〉jþ〉ÞCZð1;2ÞCZð2;3Þ

¼
1

2
ffiffiffi
2
p
�
j000〉þ j001〉þ j010〉 − j011〉þ j100〉þ j101〉

− j110〉þ j111〉Þ
ð5Þ

Now, to perform the teleportation protocol for a single‐
qubit message jM〉¼ αj0〉þ βj1〉 via the three‐qubit cluster

state channel, the combined state after taking the tensor
product of jM〉 and

�
�ψ1〉. Now, Alice applies the Bell basis

measurement on the first and second qubit, that is CX(1, 2)
and H(1) and other operation H(3) on the third qubit as
depicted in the quantum circuit shown in Figure 6. The final
state is shown by Equation (6),

jξ〉¼ jM〉1 ⊗ jψ1〉234
¼
j00〉12
2
�
j0〉3ðαj0〉þ βj1〉Þ4 þ j1〉3ðαj1〉þ βj0〉Þ4

�

þ
j01〉12
4
�
j0〉3ðαj1〉þ βj0〉Þ4 þ j1〉3ðαj0〉þ βj1〉Þ4

�

þ
j10〉12
4
�
j0〉3ðαj0〉 − βj1〉Þ4 þ j1〉3ðαj1〉 − βj0〉Þ4

�

þ
j11〉12
4
�
j0〉3ðαj1〉 − βj0〉Þ4 þ j1〉3ðαj0〉 − βj1〉Þ4

�

ð6Þ

After reaching this state, the message jM〉¼ αj0〉þ βj1〉 is
successfully teleported to Bob's qubit. Now, Bob needs to apply
the appropriate unitary operations on his qubit to recover the
message. The teleportation protocol is shown in the following
quantum circuit (Figure 6). Here ja〉; jb〉; jc〉 ∈ fj0〉; j1〉g.
Choosing all the eight combinations of qubits ja〉; jb〉 and jc〉 we
get eight different forms of three‐qubit cluster states, which are
shown in Table 7. Also, the teleportation protocol is performed
for each of the eight channels, and the quantum cost is calcu-
lated, which is represented in the last column of Table 7. The
controlled operations that Bob needs to apply on his qubit to
recover the message in all the eight three‐qubit cluster state
entangled channels are given in Table 8.

2.2.5 | Teleportation using Brown et al. state [56]

Alice starts with a five‐qubit entangled state called Brown et al.
state, which is considered to be a maximally entangled five‐
qubit state showing a high degree of entanglement [57]. It
was verified by Borras et al. [58] that Brown et al. state is highly
efficient for teleportation. The state can be described by
Equation (7) as follows:

jψ〉¼
1
2
½j001〉jϕ−〉þ j010〉jψ−〉þ j100〉jϕþ〉þ j111〉jψþ〉�

ð7Þ

F I GURE 5 The teleportation protocol for teleporting a single‐qubit
message jM〉¼ αj0〉þ βj1〉 via the two‐qubit cluster state; controlled
operations are represented for

�
�ψ1〉 (given in Table 5) after the red dashed line,

which will vary for different two‐qubit cluster states

TABLE 5 The two‐qubit cluster states, after choosing different values
of ja〉 and jb〉

ja〉 jb〉 Two‐qubit cluster state Quantum cost

j0〉 j0〉
�
�ψ1〉¼ 1

2 ðj00〉 þ j01〉 þ j10〉 − j11〉 13

j0〉 j1〉
�
�ψ2〉¼ 1

2 ðj00〉 − j01〉 þ j10〉 þ j11〉 15

j1〉 j0〉
�
�ψ3〉¼ 1

2 ðj00〉 þ j01〉 − j10〉 þ j11〉 15

j1〉 j1〉
�
�ψ4〉¼ 1

2 ðj00〉 − j01〉 − j10〉 − j11〉 17

Note: The last column contains the quantum cost for teleporting a single‐qubit message
via the two‐qubit cluster states.

TABLE 6 Controlled operations that Bob needs to apply to recover
the teleported message via all the possible two‐qubit cluster states

Alice's measurement

Control operations
�
�ψ1〉

�
�ψ2〉

�
�ψ3〉

�
�ψ4〉

j00〉 I X Z Z

j01〉 X I ZX ZX

j10〉 Z ZX I X

j11〉 ZX Z X I

F I GURE 6 The teleportation protocol for teleporting a single‐qubit
message jM〉¼ αj0〉þ βj1〉 via the three‐qubit cluster state; controlled
operations are represented for

�
�ψ1〉 (given in Table 7) after the red dashed line,

which will vary for different three‐qubit cluster states

SINGH ET AL. - 5
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where
�
�ϕ�〉¼ 1ffiffi

2
p ðj01〉� j10〉Þ and

�
�ψ�〉¼ 1ffiffi

2
p ðj00〉� j11〉Þ.

Now, the teleportation of a single‐qubit message jM〉 is to be
performed using the Brown et al. state, jψ〉23456. So, the tensor
product of message qubit jM〉 and the Brown et al. state jψ〉 is
taken, followed by some unitary operations, which are repre-
sented in the circuit described in Figure 7. Alice applies the Bell
basis measurement on the first and second qubit, that isCX(1, 2)
and H(1) and the other operation described in Figure 7 on the
last four qubits; the final state is given by Equation (8).

jξ〉¼ jM〉1 ⊗
�
�ψ1〉2345

¼
j00〉12
4
�
j011〉345ðαj0〉þ βj1〉Þ6 þ j100〉345ðαj1〉

þ βj0〉Þ6
�
þ
j01〉12
4
�
j011〉345ðαj1〉þ βj0〉Þ6

þ j100〉345ðαj0〉þ βj1〉Þ6
�
þ
j10〉12
4
�
j011〉345ðαj0〉

− βj1〉Þ6 þ j100〉345ðαj1〉 − βj0〉Þ6
�
þ
j11〉12
4

�
j011〉345ðαj1〉 − βj0〉Þ6 þ j100〉345ðαj0〉 − βj1〉Þ6

�
ð8Þ

After the message qubit jM〉¼ αj0〉þ βj1〉 is teleported to
Bob's qubit, Bob needs to apply appropriate unitary operations
on his qubit to recover the message successfully using the
Brown et al. state, which are shown in Table 9 and represented
in the quantum circuit (Figure 7) after the red dashed line. The
quantum cost for teleporting the single‐qubit secret message
via Brown et al. state is 24.

TABLE 7 Three‐qubit cluster states after choosing different combinations of ja〉, jb〉 and jc〉

ja〉 jb〉 jc〉 Three‐qubit cluster states Quantum cost

j0〉 j0〉 j0〉
�
�ψ1〉¼ 1ffiffi

2
p ðj000〉 þ j001〉 þ j010〉 − j011〉 þ j100〉 þ j101〉 − j110〉 þ j111〉Þ 18

j0〉 j0〉 j1〉
�
�ψ2〉¼ 1ffiffi

2
p ðj000〉 − j001〉 þ j010〉 þ j011〉 þ j100〉 − j101〉 − j110〉 − j111〉Þ 20

j0〉 j1〉 j0〉
�
�ψ3〉¼ 1ffiffi

2
p ðj000〉 þ j001〉 − j010〉 þ j011〉 þ j100〉 þ j101〉 þ j110〉 − j111〉Þ 20

j0〉 j1〉 j1〉
�
�ψ4〉¼ 1ffiffi

2
p ðj000〉 − j001〉 − j010〉 − j011〉 þ j100〉 − j101〉 þ j110〉 þ j111〉Þ 23

j1〉 j0〉 j0〉
�
�ψ5〉¼ 1ffiffi

2
p ðj000〉 þ j001〉 þ j010〉 − j011〉 − j100〉 − j101〉 þ j110〉 − j111〉Þ 20

j1〉 j0〉 j1〉
�
�ψ6〉¼ 1ffiffi

2
p ðj000〉 − j001〉 þ j010〉 þ j011〉 − j100〉 þ j101〉 þ j110〉 þ j111〉Þ 20

j1〉 j1〉 j0〉
�
�ψ7〉¼ 1ffiffi

2
p ðj000〉 þ j001〉 − j010〉 þ j011〉 − j100〉 − j101〉 − j110〉 þ j111〉Þ 23

j1〉 j1〉 j1〉
�
�ψ8〉¼ 1ffiffi

2
p ðj000〉 − j001〉 − j010〉 − j011〉 − j100〉 þ j101〉 − j110〉 − j111〉Þ 22

Note: The last column contains the quantum cost for teleportation of a single‐qubit message via different three‐qubit cluster states.

TABLE 8 The controlled operations
that Bob needs to apply to recover the
teleported message jM〉¼ αj0〉þ βj1〉 via all
the eight three‐qubit cluster states

Alice's measurement Charlie's measurement Bob's operation (Qubit{4})

(Qubit{1,2}) Qubit{3}
�
�ψ1〉

�
�ψ2〉

�
�ψ3〉

�
�ψ4〉

�
�ψ5〉

�
�ψ6〉

�
�ψ7〉

�
�ψ8〉

j00〉 j0〉 I Z X I Z ZX ZX Z

j1〉 Z ZX ZX Z I X X I

j01〉 j0〉 X I I X ZX Z Z ZX

j1〉 ZX Z Z ZX X I I X

j10〉 j0〉 Z ZX ZX Z I X X I

j1〉 I X X I Z ZX ZX Z

j11〉 j0〉 ZX Z Z ZX X I I X

j1〉 X I I X ZX Z Z ZX

F I GURE 7 Teleportation protocol for teleporting a single‐qubit
message jM〉¼ αj0〉þ βj1〉 via Brown et al. state; the controlled operations
are represented after the red dashed line

6 - SINGH ET AL.
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2.2.6 | Teleportation using Borras et al. state

Borras et al. introduced a highly entangled six‐qubit quantum
state, which is not decomposable into product of Bell states
[58]. Borras et al. state exhibits genuine entanglement ac-
cording to many measures. Also, no other six‐qubit pure state
has been found that evolves to a mixed state with a higher
amount of entanglement [59]. The Borras et al. state can be
written in the terms of Bell basis given by Equation (9).

jψ〉¼
1
4
ðj000〉ðj0〉jψþ〉þ j1〉jϕþ〉Þ þ j001〉ðj0〉jϕ−〉

− j1〉jψ−〉Þ þ j010〉ðj0〉jϕþ〉 − j1〉jψþ〉Þ
þ j011〉ðj0〉jψ−〉þ j1〉jϕ−〉Þ þ j100〉ð − j0〉jϕ−〉

− j1〉jψ−〉Þ þ j101〉ð − j0〉jψþ〉þ j1〉jϕþ〉Þ
þ j110〉ðj0〉jψ−〉 − j1〉jϕ−〉Þ

þ j111〉ðj0〉jϕþ〉þ j1〉jψþ〉ÞÞ ð9Þ

where
�
�ϕ�〉¼ 1ffiffi

2
p ðj01〉� j10〉Þ and

�
�ψ�〉¼ 1ffiffi

2
p ðj00〉� j11〉Þ.

To teleport the single‐qubit message jM〉¼ αj0〉þ βj1〉 via
Borras et al. state channel, the combined state after taking the
tensor product of jM〉 and jψ〉 is given in Equation (10).

jξ〉¼ jM〉1 ⊗ jψ〉234567

¼ ðαj0〉þ βj1〉Þ1 ⊗
1
4
ðj000〉ðj0〉jψþ〉þ j1〉jϕþ〉Þ

þ j001〉ðj0〉jϕ−〉 − j1〉jψ−〉Þ þ j010〉ðj0〉jϕþ〉

− j1〉jψþ〉Þ þ j011〉ðj0〉jψ−〉þ j1〉jϕ−〉Þ

þ j100〉ð − j0〉jϕ−〉 − j1〉jψ−〉Þ þ j101〉ð − j0〉jψþ〉

þ j1〉jϕþ〉Þ þ j110〉ðj0〉jψ−〉 − j1〉jϕ−〉Þ

þ j111〉ðj0〉jϕþ〉þ j1〉jψþ〉ÞÞ234567 ð10Þ

Now, Alice applies the Bell basis measurement on the first
and second qubit, that is CX(1, 2) and H(1) and other opera-
tions on the last five qubits depicted in quantum circuit
(Figure 8); the final state of the system is given in Equation (11),

jξ〉 ¼
j00〉12
2

�
j0000〉3456ðαj0〉þ βj1〉Þ7 þ j1001〉3456

�ðαj1〉 − βj0〉Þ7
�
þ
j01〉12
4
�
j0000〉3456ðαj1〉þ βj0〉Þ7

þ j1001〉3456ð−αj0〉þ βj1〉Þ7
�
þ
j10〉12
4
�
j0000〉3456

�ðαj0〉 − βj1〉Þ7 þ j1001〉3456ðαj1〉þ βj0〉Þ7
�

þ
j11〉12
4
�
j0000〉3456ðαj1〉 − βj0〉Þ7 þ j1001〉3456

�ðαj0〉þ βj1〉Þ7
�

ð11Þ

After reaching this state, Bob applies proper unitary op-
erations on the seventh qubit to recover the teleported mes-
sage. The unitary operations are shown in Table 10. The
teleportation protocol is given in the following quantum circuit
(Figure 8). The quantum cost for teleporting the single‐qubit
message via Borras et al. state is 38.

3 | STUDY OF EFFECT OF NOISY
ENVIRONMENT

Practically, it is impossible to perform quantum teleportation
without noise in the entangled channel. The best we can do is
to study the sources and effects of noise in our system and
minimise them up to best possible extent. Here, we conve-
niently study the impact of six different kinds of noise present
in all the teleportation protocols discussed earlier. We do this

TABLE 9 The controlled operations that Bob needs to apply to recover the teleported message jM〉¼ αj0〉þ βj1〉 via Brown et al. state

Alice's measurement (Qubit{1,2}) Qubit{3,4,5} Last qubit measurement (Qubit{6}) Control operations

j00〉12 j110〉345 αj0〉 þ βj1〉 I

j011〉345 αj1〉 þ βj0〉 X

j01〉12 j110〉345 αj1〉 þ βj0〉 X

j011〉345 αj0〉 þ βj1〉 I

j10〉12 j110〉345 αj0〉 − βj1〉 Z

j011〉345 αj1〉 − βj0〉 ZX

j11〉12 j110〉345 αj1〉 − βj0〉 ZX

j011〉345 αj0〉 − βj1〉 Z

F I GURE 8 Teleportation protocol of a single‐qubit message
jM〉¼ αj0〉þ βj1〉 using Borras et al. state; the controlled operations are
represented after the red dashed line

SINGH ET AL. - 7
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by checking the evolution of the density matrix ρ¼ jψ〉〈ψ j
under the effect of Kraus operators. Using the operator sum
representation, the interaction of noise in the quantum channel
can be represented with the help of Kraus operators Ek. The
action of noise on a particular qubit k is described by the
density matrix ρk as given by Equation (12).

ξr
�
ρk
�
¼
Xn

j¼1

�
Ej
�

ρk
�
Ej
�† ð12Þ

where r ∈ {B,W, F, A, P, D} for bit‐flip, phase‐flip, bit‐phase‐
flip, amplitude damping, phase damping and depolarising
damping, respectively.

j ∈

8
<

:

f0; 1g for r ¼ B;W ; F ;A
f0; 1; 2g for r ¼ P
f0; 1; 2; 3g for r ¼D

In the noisy environment, the shared entangled state would
become a mixed state after the distribution of the qubits. To
recover the original message, Bob has to make appropriate
unitary operations on his own qubit. The final state ρrout can be
expressed in terms of the density matrix as shown in
Equation (13).

ρrout ¼ Tri1i2…in−1

�
U
�
ρk ⊗ ξr

�
ρl
��

U†� ð13Þ

where Tri1i2…in−1 is the partial trace over the qubits i1, i2,…, in−1
and U is the unitary operator to describe the teleportation
process, which is given by Equation (14),

U¼
�

I1 ⊗ I2 ⊗…In−1 ⊗ σi1i2…in−1
n

�

�
jϕ〉12〈ϕj12 ⊗ I3… ⊗ In

��
I1 ⊗ I2…Uj1j2… ⊗ In

�

�
I1 ⊗ I2…Uk1… ⊗ In

�

ð14Þ

where σi1i2…in−1
n is the unitary operators for recovery of Bob's

qubit. Then jϕ〉12〈ϕj12 is the Bell basis measurement on the first

two qubits, Uj1j2 represents the CNOT gate from qubit j1 to j2
andUk1 represents the unitary gate on qubit k1. Depending upon
the different choices of the entangled channel, these unitary
operations change. Now, the effect of noise in the entangled
channel can be visualised by calculating the fidelity between the
initial single‐qubit message jψ〉 and the density matrix ρrout. Fi-
delity represents the closeness of the two quantum states, and it
gives a mathematical prescription for the quantification of the
degree of similarity of a pair of quantum states [60]. The
mathematical expression for fidelity is given by Equation (15).

F ¼ 〈ΨjρroutjΨ〉 ð15Þ

Some quantum state information will be lost during the
teleportation through a noisy environment, so fidelity is a perfect
metric to measure how much information is lost. If the fidelity
F = 1, then this indicates the ideal case where no information is
lost, and the teleportation is perfect. Meanwhile, F = 0 implies
that all the information is lost, and the quantum states before and
after the teleportation are orthogonal. Thus, the fidelity ranges
between 0 and 1. We now discuss the effects of six types of noise
(bit‐flip, phase‐flip, bit‐phase‐flip, amplitude damping, phase
damping, and depolarising noise) in this section.

3.1 | Bit‐flip noisy environment

In the presence of bit‐flip noise, the quantum state j0〉 is
changed to j1〉 and vice‐versa with probability ηB, and the
qubits remain unchanged with the probability (1 − ηB) [52, 61].
Its operations on a qubit can be described by Kraus operators
given by Equation (16) as follows:

EB0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ηB
p

I¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ηB
p �

1 0
0 1

�
;

EB1 ¼
ffiffiffiffiffiηB
p

X¼
ffiffiffiffiffiηB
p

�
0 1
1 0

� ð16Þ

where 0 ≤ ηB ≤ 1 represents the bit‐flip error probability,
which describes the probability of occurring error in the
quantum state due to transmitted qubit. The effects of bit‐flip
noise on the six entangled channels can be seen by evaluating
the affected density matrix after the introduction of noise. The
affected density matrices under the bit‐flip noise for all the six
channels, the Bell channel, GHZ channel, two‐qubit cluster
state, three‐qubit cluster state, Brown et al. state and the Borras
et al., are denoted by EB1 ðρÞ; E

B
2 ðρÞ; E

B
3 ðρÞ; E

B
4 ðρÞ; E

B
5 ðρÞ;

EB6 ðρÞ, respectively. The expression for these matrices are given
in Equations (A1) to (A6) in Appendix A.

3.2 | Phase‐flip noisy environment

In the presence of phase‐flip noise, the phase of the qubit
changes from j1〉 to ‐j1〉, and it remains unchanged if the qubit
is j0〉. Its Kraus operators [52, 61] are given by Equation (17),

TABLE 10 Controlled operations that Bob needs to apply to recover
the teleported message via Borras et al. state

Alice's
measurement
(Qubit{1,2})

Qubit
{3,4,5,6}

Last qubit
measurement
(Qubit{7})

Control
operations

j00〉12 j0000〉3456 αj0〉 þ βj1〉 I

j0011〉3456 αj1〉 − βj0〉 ZX

j01〉12 j0000〉3456 αj1〉 þ βj0〉 X

j0011〉3456 −αj0〉 þ βj1〉 Z

j10〉12 j0000〉3456 αj0〉 − βj1〉 Z

j0011〉3456 αj1〉 þ βj0〉 X

j11〉12 j0000〉3456 αj1〉 − βj0〉 ZX

j0011〉3456 αj0〉 þ βj1〉 I

8 - SINGH ET AL.
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EW0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ηW
p

I¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ηW
p

�
1 0
0 1

�
;

EW1 ¼
ffiffiffiffiffiffiffiηW
p

Z¼
ffiffiffiffiffiffiffiηW
p

�
1 0
0 −1

�
:

ð17Þ

where 0 ≤ ηW ≤ 1 represents the phase‐flip error probability,
which describes the possibility of occurring error in the
quantum state due to transmitted qubit. The effect of phase‐
flip noise on the six entangled channels can be seen by eval-
uating the affected density matrix after noise has been intro-
duced in the channel, and the affected density matrices under
the phase‐flip noise for all the six channels are given in
Equations (A8) to (A13) in Appendix A.

3.3 | Bit‐phase‐flip noisy environment

The Kraus operators of bit‐phase‐flip are given by the
following matrices [52, 61]:

EF0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ηF
p

I¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ηF
p

�
1 0
0 1

�
;

EF1 ¼
ffiffiffiffiffiηF
p

Y¼
ffiffiffiffiffiηF
p

�
0 −i
i 0

� ð18Þ

where 0 ≤ ηF ≤ 1 represents the bit‐phase‐flip error proba-
bility, which describes the possibility of occurring error in
quantum state due to travel qubit. The effect of bit‐phase‐flip
noise on the six entangled channels can be seen by evaluating
the affected density matrix after noise has been introduced in
the channel, and the affected density matrices under the bit‐
phase flip noise for all the six channels are given in Equa-
tions (A15) to (A20) in Appendix A.

3.4 | Effect of amplitude damping (AD)
noise

The process of amplitude damping is an essential concept
in modelling the energy dissipation in several quantum sys-
tems, and the following matrices give their Kraus operators
[52, 61].

EA0 ¼
�
1 0
0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ηA
p

�

; EA1 ¼
�
0 ffiffiffiffiffiηA
p

0 0

�

ð19Þ

where 0 ≤ ηA ≤ 1 represents the decoherence rate of amplitude
damping, which describes the possibility of occurring error in
the quantum state due to travel qubit. The effect of amplitude
damping on the six entangled channels can be seen by evalu-
ating the affected density matrices after the noise has been
introduced in the channel; the affected density matrices under
the amplitude damping noise for all the six entangled channels
are given in Equations (A21) to (A26) in Appendix A.

3.5 | Phase damping noisy environment

Phase damping involves loss of information about relative
phases in a quantum state. During phase damping, the prin-
cipal quantum system becomes entangled with the environ-
ment [1]. The Kraus operators

�
EP0 ;E

P
1 ;E

P
2

�
for phase

damping noise can be described in Equation (20) [52, 61].

EP0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ηP

p
 
1 0
0 1

�

; EP1 ¼

 ffiffiffiffiffi
ηP
p

0
0 0

�

;

EP2 ¼

 
0 0
0 ffiffiffiffiffiηP
p

�
ð20Þ

where 0 ≤ ηP ≤ 1 represents the decoherence rate of phase
damping, which describes the possibility of occurring error in
quantum state due to travel qubit. The effect of phase damping
on the six entangled channels can be seen by evaluating the
affected density matrices after noise has been introduced in the
channel, the affected density matrices under the phase damp-
ing noise for all the six entangled channels are given in
Equations (A27) to (A32) in Appendix A.

3.6 | Depolarising noisy environment

In depolarising noisy environment, the qubits of the quantum
state are depolarised with probability ηD and the qubits are left
invariant with probability 1 − ηD. The Pauli operators X;Y

and Z act on the qubits with probability ηD/3. The following
matrices give the Kraus operators [52, 61].

ED0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ηD

p
 
1 0
0 1

�

; ED1 ¼
ffiffiffiffiffiffi
ηD
3

r  
0 1
1 0

�

;

ED2 ¼
ffiffiffiffiffiffi
ηD
3

r  
0 −i
i 0

�

; ED3 ¼
ffiffiffiffiffiffi
ηD
3

r  
1 0
0 −1

� ð21Þ

The effect of depolarising noise on the six entangled
channels can be seen by evaluating the affected density matrix
after noise has been introduced in the channel, and the affected
density matrices under the depolarising noise for all the six
entangled channels are given in Equations (A33) to (A38) in
Appendix A.

4 | DISCUSSION AND CONCLUSION

In this study, the quantum cost is calculated for all the telepor-
tation protocols and shown in Figure 9. Here we observe that
the quantum cost increases as the number of qubits in the
entangled channels increases. For example, the quantum cost of
the Borras et al. channel is the highest as the number of quantum
gates required to teleport the information is greater than that of

SINGH ET AL. - 9
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the other entangled channels with a lower number of qubits. The
computational complexity of a reversible gate can be repre-
sented by its quantum cost, so the higher the quantum cost, the
more complexity in teleportation. The graphs plotted for
different entangled channels show an upward trend as the
number of qubits increases in the channel. In the case of the
two‐qubit cluster state channel and the three‐qubit GHZ
channel, the average quantum cost is the same, whichmeans that
the complexity of teleportation in these two entangled channels
is the same. However, the average quantum cost in the case of a
three‐qubit GHZ channel is 15, whereas, that in the case of a

three‐qubit cluster state is 21. It means that the quantum cost
may vary for different entangled states even with the same
number of qubits. However, it will ultimately increase as the
number of qubits increases in the entangled channel.

The effect of noise on the entangled channel is also studied.
We have derived the density matrices of the teleported state,
which is influenced by the noise. The fidelity provides the
closeness between the two quantum states. The effect of bit‐flip
noise is visualised with the help of graphical representation of
variation in the fidelity against the phase‐flip noise parameter ηB
given in Figure 10. From the graph, it is clear that fidelity de-
creases with the increase in the noise parameter ηB ∈ [0, 0.5].
After that, the fidelity shows an upward trend and reaches to 1 as
ηW ∈ [0.5, 1] in case of Bell channel, GHZ channel, three‐qubit
cluster sate, Brown et al. and Borras et al. However, in two‐qubit
cluster channel, the fidelity decreases rapidly to zero as the noise
parameter ηB ∈ [0.5, 1]. The effect of phase‐flip noise is visual-
isedwith the help of a graphical representation of variation in the
fidelity against the bit‐flip noise parameter ηW (see Figure 10).
From the plot, it can be observed that fidelity decreases with the
increase in the noise parameter ηW ∈ [0, 0.5]. After that, the fi-
delity shows an upward trend and reaches to 1 as ηW ∈ [0.5, 1] in
case of Bell channel, Brown et al. and Borras et al. However, in
the other three channels viz. GHZ channel, two‐qubit cluster
state and three‐qubit cluster state the fidelity increases but does
not reaches to 1. In the case of bit‐phase‐flip noise, it is visualised
with the help of a graphical representation of variation in the
fidelity against the bit‐phase‐flip noise parameter ηF, which is
given in Figure 10. From the plot, it is illustrated that fidelity
decreases with the increase in the noise parameter ηF ∈ [0, 0.5].

F I GURE 9 The quantum cost for different entangled channels. Average
cost has been taken in case of Bell channel, Greenberger–Horne–Zeilinger
channel, two‐qubit cluster state and three‐qubit cluster state channels

F I GURE 1 0 The effect of all six noises on the teleportation is visualised through a graphical representation of variation of fidelity against the noise
parameter η. Here (η ∈ {ηB, ηW, ηF, ηA, ηP, ηD} for bit‐flip noise, phase‐flip noise, bit‐phase‐flip noise, amplitude damping, phase damping and depolarising
noise, respectively). The teleportation channels are (a) Bell channel (b) Greenberger–Horne–Zeilinger channel (c) Two‐qubit cluster state channel (d) Three‐qubit
cluster state channel (e) Brown et al. channel and (f) Borras et al. channel
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After that, the fidelity shows an upward trend and reaches to 1
as ηF ∈ [0.5, 1] in the case of the two‐qubit cluster state and
Brown et al. However, in other entangled channels, it increases
slowly but does not reach to 1 as the noise parameter increases
in the range ηF ∈ [0.5, 1]. For amplitude damping noise, the
graphical representation of variation in the fidelity against the
amplitude damping noise parameter ηA is given in Figure 10.
From the plot, it is illustrated that fidelity decreases with the
increase in the noise parameter ηA ∈ [0, 0.5], and after that the
fidelity shows an upward trend as ηA ∈ [0.5, 1] in the case of
Bell channel and GHZ channel, but in all other entangled
channels the fidelity decreases monotonically as the noise
parameter increases in the range ηA ∈ [0.5, 1], in fact it reaches
zero for ηA = 1 in case of teleportation via Brown et al. state,
represented in Figure 10e. For phase damping noise, the
graphical representation of variation in the fidelity against
the phase damping noise parameter ηP is given in Figure 10.
From the plot, it is illustrated that fidelity decreases with the
increase in the noise parameter ηP ∈ [0, 0.5], and after that
the fidelity shows an upward trend as ηP ∈ [0.5, 1] in the case of
Bell channel and GHZ channel and a slight increase in the case
of three‐qubit cluster state, as can be seen in Figure 10d.
However, in all other entangled channels, the fidelity decreases
monotonically as the noise parameter increases in the range
ηP ∈ [0.5, 1], in fact it reaches zero for ηP = 1 in case of
teleportation via two‐qubit cluster state and Brown et al. state.
One more interesting observation is that the effect of phase‐
flip noise coincides with the bit‐flip and phase‐flip in the
case of teleportation via the two‐qubit cluster state, as can be
seen in Figure 10c. For depolarising noise, the graphical rep-
resentation of variation in the fidelity against the phase
damping noise parameter ηD is given in Figure 10. From the
plot, it is illustrated that fidelity decreases with the increase in
the noise parameter ηD ∈ [0, 0.5]. After that, the fidelity shows
a slight upward trend as ηD ∈ [0.5, 1] in case of teleportation
via Bell channel, as can be seen in Figure 10a. However, in all
other entangled channels, the fidelity decreases monotonically
as the noise parameter increases in the range ηD ∈ [0.5, 1]. In
fact it reaches zero for ηD = 1 in case of teleportation via
Borras et al. state. One more interesting observation is that the
effect of depolarising noise coincides with the phase‐flip noise
in the case of teleportation via the Brown et al. state. In a
nutshell, amplitude damping, phase damping and depolarising
noise have the maximum impact on teleportation. It is
cumbersome to perform its practical implementation on real
quantum computers due to the non‐unitary operators involved
in the noise implementation process. However, this is attainable
and could be achieved in the near future as a potential
application.
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APPENDIX
The large set of density matrices equations are given in appendix.

The affected density matrices influenced by the bit‐flip noise are given by the following equations from Equations (A1) to (A6).
Here jΨ6〉 is the Borras et al. state given in Equation (9)

EB1 ðρÞ ¼
1
2

nh�
1 − ηB

�2
þ
�
ηB
�2
i
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�
ηB
�2
½j11〉þ j01〉þ j10〉 − j00〉�

½〈11j þ 〈01j þ 〈10j − 〈00j�g
ðA3Þ

EB4 ðρÞ ¼
1
8

nh�
1 − ηB

�3
i
½j000〉þ j001〉þ j010〉 − j011〉þ j100〉þ j101〉 − j110〉þ j111〉�½〈000j þ 〈001j þ 〈010j

− 〈011j þ 〈100j þ 〈101j − 〈110j þ 〈111j� þ
�
ηB
�3
½j111〉þ j110〉þ j101〉 − j100〉þ j011〉þ j010〉 − j001〉

þ j000〉�½〈111j þ 〈110j þ 〈101j − 〈100j þ 〈011j þ 〈010j − 〈001j þ 〈000j�g ðA4Þ

EB5 ðρÞ ¼
1
8

nh�
1 − ηB

�5
i�

− j00101〉þ j00111〉þ j01000〉 − j01010〉þ j10001〉þ j10011〉þ j11100〉þ j11110〉�

� ½−〈00101j þ þ 〈00111j þ 〈01000j − 〈01010j þ 〈10001j þ 〈10011j þ 〈11100j þ 〈11110j� þ
�
ηB
�5
½ − j11010〉

þ j11000〉þ j101111〉 − j10101〉þ j01110〉þ j01100〉þ j00011〉þ j00001〉�½ − 〈11010j þ þ 〈11000j þ 〈101111j

− ½〈10101j þ 〈01110j þ 〈01100j þ 〈00011j þ 〈00001j�g ðA5Þ

EB6 ðρÞ ¼
1
32

nh�
1 − ηB

�6
i
½jΨ6〉�½〈Ψ6j� þ

�
ηB
�6���χB6 〉〈χB6

�
�
�o

ðA6Þ

where
�
�χB6 〉 is given by

�
�χB6 〉¼ ½j111111〉þ j000000〉þ j111100〉þ j000011〉þ j111010〉þ j000101〉þ j111001〉þ j000110〉þ j110110〉þ j001001〉

  þ j110000〉þ j001111〉þ j101110〉þ j010001〉þ j101010〉þ j010010〉þ j100111〉þ j011000〉þ j100010〉þ j011101〉

  − j110101〉 − j001010〉 − j110011〉 − j001100〉 − j101011〉 − j010100〉 − j101000〉 − j010111〉 − j100100〉 − j011011〉

  − j100001〉 − j011110〉� ðA7Þ

The affected density matrices influenced by the phase‐flip noise are given by the following equations from Equations (A8) to
(A13). Here jΨ6〉 is the Borras et al. state given in Equation (9).

EW1 ðρÞ ¼
1
2

nh�
1 − ηW

�2
þ η2W

i
½j00〉þ j11〉�½〈00j þ 〈11j�

o
ðA8Þ

EW2 ðρÞ ¼
1
2

n�
1 − ηW

�3
½j000〉þ j111〉�½〈000j þ 〈111j� þ

�
ηW
�3
½j00〉 − j11〉�½〈00j − 〈11j�

o
ðA9Þ

EW3 ðρÞ ¼
1
4

nh�
1 − ηW

�2
i
½j00〉þ j01〉þ j10〉 − j11〉�½〈00j þ 〈01j þ 〈10j − 〈11j� þ

�
ηW
�2
½j00〉 − j01〉 − j10〉 − j11〉�

½〈00j − 〈01j − 〈10j − 〈11j�g
ðA10Þ
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EW4 ðρÞ ¼
1
8

nh�
1 − ηW

�3
i
½j000〉þ j001〉þ j010〉 − j011〉þ j100〉þ j101〉 − j110〉þ j111〉�½〈000j þ 〈001j þ 〈010j

− 〈011j þ 〈100j þ 〈101j − 〈110j þ 〈111j� þ
�
ηW
�3
½j000〉 − j001〉 − j010〉 − j011〉 − j100〉þ j101〉 − j110〉

− j111〉�½〈000j − 〈001j − 〈010j − 〈011j − 〈100j þ 〈101j − 〈110j − 〈111j�g ðA11Þ

EW5 ðρÞ ¼
1
2

nh�
1 − ηW

�5
i
½−j00101〉þ j00111〉þ j01000〉 − j01010〉þ j10001〉þ j10011〉þ j11100〉þ j11110〉�

½−〈00101j þ 〈00111j þ 〈01000j − 〈01010j þ 〈10001j þ 〈10011j þ 〈11100j þ 〈11110j� þ
�
ηW
�5
½ − j00101〉

− j00111〉 − j01000〉 − j01010〉þ j10001〉 − j10011〉 − j11100〉þ j11110〉�½ − 〈00101j − 〈00111j

− 〈01000j − 〈01010j þ 〈10001j − 〈10011j − 〈11100j þ 〈11110j�g ðA12Þ

EW6 ðρÞ ¼
1
32

n�
1 − ηW

�6
½jΨ6〉�½〈Ψ6j� þ

�
ηW
�6���χW6 〉〈χW6

�
�
�o

ðA13Þ

where the quantum state
�
�χW6 〉 is given by Equation (A14)

�
�χW6 〉¼ j000000〉þ j111111〉þ j000011〉þ j111100〉þ j000101〉þ j111010〉þ j000110〉þ j111001〉þ j001001〉þ j110110〉

  þ j001111〉þ j110000〉þ j010001〉þ j101110〉þ j010010〉þ j101101〉þ j011000〉þ j100111〉þ j011101〉þ j100010〉
− j001010〉 − j110101〉 − j001100〉 − j110011〉 − j010100〉 − j101011〉 − j010111〉 − j101000〉 − j011011〉 − j100100〉
− j011110〉 − j100001〉

ðA14Þ

The affected density matrices influenced by the bit‐phase‐flip noise are given by the following equations from Equations (A15)
to (A20). Here jΨ6〉 is the Borras et al. state given in Equation (9).

EF1 ðρÞ ¼
1
2

n�
1 − ηF

�2
½j00〉þ j11〉�½〈00j þ 〈11j� þ

�
ηF
�2
½j00〉 − j11〉�½〈00j − 〈11j�

o
ðA15Þ

EF2 ðρÞ ¼
1
2

n�
1 − ηF

�3
½j000〉þ j111〉�½〈000j þ 〈111j� − η3F ½j111〉 − j000〉�½〈111j − 〈000j�

o
ðA16Þ

EF3 ðρÞ ¼
1
4

nh�
1 − ηF

�2
i
½j00〉þ j01〉þ j10〉 − j11〉�½〈00j þ 〈01j þ 〈10j − 〈11j� þ

�
ηF
�2
½j11〉 − j01〉 − j10〉 − j00〉�

½〈11j − 〈01j − 〈10j − 〈00j�g
ðA17Þ

EF4 ðρÞ ¼
1
8

nh�
1 − ηF

�3
i
½j000〉þ j001〉þ j010〉 − j011〉þ j100〉þ j101〉 − j110〉þ j111〉�½〈000j þ 〈001j þ 〈010j

− 〈011j þ 〈100j þ 〈101j − 〈110j þ 〈111j� þ
�
iηF
�3
½j111〉 − j110〉 − j101〉 − j100〉 − j011〉þ j010〉 − j001〉

− j000〉�½〈111j − 〈110j − 〈101j − 〈100j − 〈011j þ 〈010j − 〈001j − 〈000j�g ðA18Þ

EF5 ðρÞ ¼
1
8

nh�
1 − ηF

�5
i�

− j00101〉þ j00111〉þ j01000〉 − j01010〉þ j10001〉þ j10011〉þ j11100〉þ j11110〉�

½−〈00101j þ 〈00111j þ 〈01000j − 〈01010j þ 〈10001j þ 〈10011j þ 〈11100j þ 〈11110j� þ i
�
ηF
�5
½ − j11010〉

− j11000〉 − j101111〉 − j10101〉þ j01110〉 − j01100〉 − j00011〉þ j00001〉�½ − 〈11010j − 〈11000j − 〈10111j

− 〈10101j þ 〈01110j − 〈01100j − 〈00011j þ 〈00001j�g ðA19Þ
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EF6 ðρÞ ¼
1
32

n�
1 − ηF

�6
½jΨ6〉�½〈Ψ6j� þ

�
ηF
�6���χB6 〉〈χB6

�
�
�o

ðA20Þ

The affected density matrices influenced by the amplitude damping noise are given by the following equations from Equa-
tions (A21) to (A26)

EAðρÞ ¼
1
2

n�
j00〉þ

�
1 − ηA

�
j11〉

��
〈00j þ

�
1 − ηA

�
〈11j

�
þ
�
ηA
�2
½j00〉〈00j�

o
ðA21Þ

EA2 ðρÞ ¼
1
2

nh
j000〉þ

�
1 − ηA

�3
2j111〉

ih
〈000j þ

�
1 − ηA

�3
2〈111j

i
þ
�
ηA
�3
½j000〉〈000j�

o
ðA22Þ

EA3 ðρÞ ¼
1
4

n�
j00〉þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ηA

p
ðj01〉þ j10〉 − j11〉Þ

��
〈00j þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ηA

p
ð〈01j þ 〈10j − 〈11jÞ

�
þ
�
ηA
�2
½j00〉�½〈00j�

o
ðA23Þ

EA4 ðρÞ ¼
1
8

��

j000〉þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 − ηA

q �
ðj001〉þ j010〉 − j100〉Þ þ

�
1 − ηA

�2
ðj011〉þ j101〉 − j110〉Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�
1 − ηA

�3
q

j111〉
�

�

〈000j þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 − ηA

q �
ð〈001j þ 〈010j − 〈100jÞ þ

�
1 − ηA

�2
ð〈011j þ 〈101j − 〈110jÞ

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�
1 − ηA

�3
q

〈111j
�

þ
�
ηA
�3
½j000〉�½〈000j�

�

ðA24Þ

EA5 ðρÞ ¼
1
8

��
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ηA

p
j01000〉þ

�
1 − ηA

��
−j00101〉þ j10001〉 − j01010〉Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�
1 − ηA

�3
q

ðj00111〉þ j10011〉

þ j11100〉Þ þ
�
1 − ηA

�2
j11110〉

��
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ηA

p
〈01000j þ

�
1 − ηA

��
−〈00101j þ 〈10001j − 〈01010jÞ

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�
1 − ηA

�3
q

ð〈00111j þ 〈10011j þ 〈11100jÞ þ
�
1 − ηA

�2〈11110j
��

ðA25Þ

EA6 ðρÞ ¼
1
32

n
½j000000〉þ

�
1 − ηA

�3
j111111〉þ

�
1 − ηA

�
ðj000011〉þ j000101〉þ j000110〉þ j001001〉þ j010001〉

þ j110000〉þ j010010〉þ j011000〉þ j100010〉 − j001010〉 − j001100〉 − j010100〉 − j101000〉 − j100100〉

− j100001〉Þ þ
�
1 − ηA

�2
ðj111100〉þ j111010〉þ j111001〉þ j110110〉þ j001111〉þ j101110〉þ j101101〉

þ j100111〉þ j011101〉þ j110101〉 − j110011〉 − j101011〉þþj010111〉 − j011011〉 − j011110〉Þ�½〈000000j

þ
�
1 − ηA

�3〈111111j þ
�
1 − ηA

�
ð〈000011j þ 〈000101j þ 〈000110j þ 〈001001j þ 〈010001j þ 〈110000j

þ 〈010010j þ 〈011000j þ 〈100010j − 〈001010j − 〈001100j − 〈010100j − 〈101000j − 〈100100j − 〈100001jÞ

þ
�
1 − ηA

�2
ð〈111100j þ 〈111010j þ 〈111001j þ 〈110110j þ 〈001111j þ 〈101110j þ 〈101101j þ 〈100111j

þ 〈011101j þ 〈110101j − 〈110011j − 〈101011j þ 〈010111j − 〈011011j − 〈011110jÞ� þ
�
ηA
�6
½j000000〉�½〈000000j�

o

ðA26Þ

The affected density matrices influenced by the phase damping noise are given by the following equations from Equa-
tions (A27) to (A32)

EP1 ðρÞ ¼
1
2

n�
1 − ηP

�2
½j00〉þ j11〉�½〈00j þ 〈11j� þ

�
ηP
�2
½j00〉〈00j þ j11〉〈11j�

o
ðA27Þ

EP2 ðρÞ ¼
1
2

n�
1 − ηP

�3
½j000〉þ j111〉�½〈000j þ 〈111j� þ

�
ηP
�3
½j000〉〈000j þ j111〉〈111j�

o
ðA28Þ
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EP3 ðρÞ ¼
1
4

n�
1 − ηP

�2
½j00〉þ j01〉þ j10〉 − j11〉�½〈00j þ 〈01j þ 〈10j − 〈11j� þ

�
ηP
�4
½j00〉〈00j�½j11〉〈11j�

o
ðA29Þ

EP4 ðρÞ ¼
1
8

nh�
1 − ηP

�3
i
½j000〉þ j001〉þ j010〉 − j011〉þ j100〉þ j101〉 − j110〉þ j111〉�½〈000j þ 〈001j þ 〈010j

− 〈011j þ 〈100j þ 〈101j − 〈110j þ 〈111j� þ
�
ηP
�3
½j000〉〈000j þ j111〉〈111j�

o
ðA30Þ

EP5 ðρÞ ¼
1
8

n�
1 − ηA

�5
½−j00101〉þ j00111〉þ j01000〉 − j01010〉þ j10001〉þ j10011〉þ j11100〉þ j11110〉�

½ − 〈00101j þ 〈00111j þ 〈01000j − 〈01010j þ 〈10001j þ 〈10011j þ 〈11100j þ 〈11110j�g
ðA31Þ

EP6 ðρÞ ¼
1
32

n�
1 − ηP

�6
½jΨ6〉〈Ψ6j� þ

�
ηP
�6
½j000000〉〈000000j þ j111111〉〈111111j�

o
ðA32Þ

The affected density matrices influenced by the depolarising noise are given by the following equations from Equations (A33)
to (A38). Here jΨ3〉; jΨ5〉 and jΨ6〉 are the three‐qubit cluster state, Brown et al. and Borras et al. state given in Equations (5), (9)
and (7) respectively.

ED1 ðρÞ ¼
1
2

��
�
1 − ηD

�2
þ

η2D
3

�

½j00〉þ j11〉�½〈00j þ 〈11j�
�

ðA33Þ

ED2 ðρÞ ¼
1
2

�h�
1 − ηD

�3
þ

ηD
27

3
þ i

ηD
27

3i
½j000〉þ j111〉�½〈000j þ 〈111j� þ

�
η3D
27

�

½j000〉 − j111〉�½〈000j − 〈111j�
�

ðA34Þ

ED3 ðρÞ ¼
1
4

�
�
1 − ηD

�2
½j00〉þ j01〉þ j10〉 − j11〉�½〈00j þ 〈01j þ 〈10j − 〈11j� þ 2

η2D
9
½j11〉þ j10〉þ j01〉 − j00〉�

�
〈11j þ 〈10j þ 〈01j − 〈00j� þ

η2D
9
½j00〉 − j01〉 − j10〉 − j11〉�½〈00j − 〈01j − 〈10j − 〈11j�

�

ðA35Þ

ED4 ðρÞ ¼
1
8

�h�
1 − ηD

�3
i
½jΨ4〉�½〈Ψ4j� þ

�ηD
3

�3
½j111〉þ j110〉þ j101〉 − j100〉þ j011〉þ j010〉 − j001〉þ j000〉�½〈111j þ 〈110j

þ 〈101j − 〈100j þ 〈011j þ 〈010j − 〈001j þ 〈000j� −
�ηD
3

�3
½j111〉 − j110〉 − j101〉 − j100〉 − j011〉

þ j010〉 − j001〉 − j000〉�½〈111j − 〈110j − 〈101j − 〈100j − 〈011j þ 〈010j − 〈001j − 〈000j� þ
�ηD
3

�3
½j000〉

− j001〉 − j010〉 − j011〉 − j100〉þ j101〉 − j110〉 − j111〉�½〈000j − 〈001j − 〈010j − 〈011j − 〈100j þ 〈101j

− 〈110j − 〈111jg ðA36Þ

ED5 ðρÞ ¼
1
8

�h�
1 − ηD

�5
i
½jΨ5〉�½〈Ψ5j� þ

�ηD
3

�5
½ − j11010〉þ j11000〉þ j101111〉 − j10101〉þ j01110〉þ j01100〉þ j00011〉

þ j00001〉�½ − 〈11010j þ 〈11000j þ 〈101111j − 〈10101j þ 〈01110j þ 〈01100j þ 〈00011j þ 〈00001j� þ
�ηD
3

�5
½ − j00101〉

− j00111〉 − j01000〉 − j01010〉þ j10001〉 − j10011〉 − j11100〉þ j11110〉�½ − 〈00101j − 〈00111j − 〈01000j − 〈01010j

þ 〈10001j − 〈10011j − 〈11100j þ 〈11110j� −
�ηD
3

�5
½ − j11010〉 − j11000〉 − j101111〉 − j10101〉þ j01110〉 − j01100〉

− j00011〉þ j00001〉�½ − 〈11010j − 〈11000j − 〈10111j − 〈10101j þ 〈01110j − 〈01100j − 〈00011j þ 〈00001j�g ðA37Þ

ED6 ðρÞ ¼
1
32

�

½jΨ6〉�½〈Ψ6j� þ 2
�ηD
3

�6��
�χB6 〉〈χB6 j

�
þ
�ηD
3

�6��
�χW6 〉〈χW6 j

�
�

ðA38Þ

where jχB6 〉 and jχW6 〉 are the quantum states given in Equations (A7) and (A14) respectively.
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